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STATISTICAL THEORY OF THE ATOM IN MOMENTUM
SPACE
VERENA VON CONTA AND HEINZ SIEDENTOP
Dedicated to Leonid Pastur on the occasion of his 75th birthday
Abstract. We investigate the momentum energy functional for atoms found
by Englert [1] who also discussed the relation to the Thomas-Fermi functional.
We prove that the momentum functional yields upon minimization the same
value as the well-known Thomas-Fermi functional. In fact, we show an explicit
relation between the minimizers of the functionals. Moreover, it turns out that
the atomic momentum density converges on the scale Z2/3 to the minimizer
of the momentum energy functional.
1. Introduction
Atoms are described by the Hamiltonian
(1) HN :=
N∑
n=1
(−∆n − Z|xn| ) +
∑
1≤m<n≤N
1
|xm − xn|
self-adjointly realized in
∧N
n=1 L
2(R3 : Cq). Here q is the number of spin states
per electron, i.e., q = 2 in the physical case. Already in the early days of quan-
tum mechanics it was obvious that an explicit solution for the ground state is
impossible and appropriate methods are needed to find the ground state energy
and its density, at least approximately. One of the most influential methods is the
“statistical”method developed by Fermi [2, 3] and Thomas [10]: it is given by the
Thomas-Fermi functional (Lenz [4])
(2) ETF(ρ) := K(ρ)−A(ρ) +R(ρ) = 35γTF
∫
R3
ρ(x)5/3dx−
∫
R3
Z
|x|ρ(x)dx +D[ρ]
where D[ρ] is the quadratic form of
(3) D(ρ, σ) := 12
∫
R3
dx
∫
R3
dy
ρ(x)σ(y)
|x− y| ,
the electrostatic interaction energy of the charge density ρ with the charge density
σ. Instead of the high dimensional problem given by (1) the functional ETF(ρ)
depends on the one-particle density, i.e., a quantity in three variables, only. The
guiding idea was that the minimum of the functional
(4) ETF(Z) = inf{ETF(ρ)|ρ ∈ L5/3(R3), D(ρ, ρ) <∞, ρ ≥ 0}
gives an approximation for the energy and its minimizer is an approximation for the
ground state density. That this is in fact true is Lieb and Simon’s [7, 8] celebrated
result (see also Lieb [6]). In the atomic case their result for the energy says that
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the infimum of the Thomas-Fermi energy and the ground state energy of HZ are
equal up to an error of o(Z7/3), i.e.,
(5)
inf σ(HZ)− ETF(Z)
Z7/3
→ 0.
Moreover they show that the rescaled quantum density ρ converges to the rescaled
Thomas-Fermi minimizer ρZ , i.e.,
(6) Z−2ρ(·Z−1/3)→ Z−2ρZ(·Z−1/3) = ρ1
weakly in the limit Z →∞. Such a result is of great value to determine the linear
response of atoms to perturbations that are local in position space.
However, this is not applicable to perturbations that are momentum dependent
since the momentum density – as is well-known – is not merely the Fourier transform
of the position density. To compute the linear response to such perturbations
the position space statistical model of the atom is clearly inadequate. Englert [1]
realizing this inadequacy derived an energy functional for the ground state energy
of an atom with atomic number Z depending on the momentum density τ which
remedies this problem and allows – in a natural way – for the treatment of purely
momentum dependent potentials.
It reads for fermions having q spin states each
(7) EmTF(τ) := Km(τ) −Am(τ) +Rm(τ) =
∫
R3
ξ2τ(ξ)dξ − 32γ
− 12
TF Z
∫
R3
τ(ξ)2/3dξ
+ 34γ
− 12
TF
∫
R3
dξ
∫
R3
dη
(
τ<(ξ, η)τ>(ξ, η)
2/3 − 15τ<(ξ, η)5/3
)
where γTF := (6π
2/q)2/3 is the Thomas-Fermi constant, τ<(ξ, η) := min{τ(ξ), τ(η)},
and τ>(ξ, η) := max{τ(ξ), τ(η)}.
The aim of this article is to establish the basic mathematical properties of EmTF
and to show that it yields not only the asymptotically correct energy but in fact
does also give the asymptotically correct momentum density.
2. Domain of Definition of the Momentum Functional and Euler
Equation
Theorem 1. The functional EmTF is well-defined on real-valued functions in L1(R3, (1+
ξ2)dξ).
Proof. The kinetic energy Km is obviously well-defined. The finiteness of the at-
traction Am follows from
(8)
∫
dξ|τ(ξ)|2/3 ≤
(∫
dξ
(1 + ξ2)2
)1/3(∫
dξ(1 + ξ2)|τ(ξ)|
)2/3
<∞
by Ho¨lder’s inequality. The finiteness of the repulsionRm follows from the finiteness
of its first contribution which, in turn, follows from (8), since
(9)
∫∫
dξdη|τ>(ξ, η)|2/3|τ<(ξ, η)| ≤ 2
∫
dξ|τ(ξ)|2/3
∫
dη|τ(η)|.

We set
I = {ρ ∈ L1 ∩ L5/3(R3)|ρ ≥ 0}, IN = {ρ ∈ I|
∫
ρ ≤ N}, I∂N = {ρ ∈ I|
∫
ρ = N}
for densities in position space and
J = {(1+|·|2)τ ∈ L1(R3)|τ ≥ 0}, JN = {τ ∈ J |
∫
τ ≤ N}, J∂N = {τ ∈ J |
∫
τ = N}
for densities in momentum space.
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Although, Km and −Am are convex in τ , the third summand Rm of EmTF is
not. We circumvent this problem by substituting τ → τ˜3/2, i.e.,
(10) Es(τ˜ ) := EmTF(τ˜3/2)
with τ˜ ∈ L3/2(R3, (1 + ξ2)dξ) and τ˜ ≥ 0.
Lemma 1. The functional Es is strictly convex.
Proof. The first summand is obviously strictly convex, the second is linear. It
remains to show the convexity of the repulsion term. Writing θ for the Heaviside
function, we get
∫ ∞
0
dr
( ∫
R3
dξ[τ˜ (ξ)− r2]+
)2
=
∫∫
R6
dξdη
∫ ∞
0
dr[τ˜ (ξ)− r2][τ˜ (η) − r2]θ(τ˜ (ξ)− r2)θ(τ˜ (η)− r2)
=
∫∫
R6
dξdη
∫ τ˜1/2< (ξ,η)
0
dr
(
τ˜ (ξ)τ˜ (η)− τ˜ (ξ)r2 − τ˜ (η)r2 + r4)
=
∫∫
R6
dξdη
(
τ˜(ξ)τ˜ (η)τ˜<(ξ, η)
1/2 − 13 τ˜(ξ)τ˜<(ξ, η)3/2
− 13 τ˜ (η)τ˜<(ξ, η)3/2 + 15 τ˜<(ξ, η)5/2
)
=
∫∫
R6
dξdη
(
τ˜>(ξ, η)τ˜<(ξ, η)
3/2 − 13 τ˜>(ξ, η)τ˜<(ξ, η)3/2
− 13 τ˜<(ξ, η)5/2 + 15 τ˜<(ξ, η)5/2
)
=
2
3
∫∫
R6
dξdη
(
τ˜<(ξ, η)
3/2τ˜>(ξ, η) − 15 τ˜<(ξ, η)5/2
)
.
Since the first line is obviously convex, it shows the wanted result. Note that τ˜<
and τ˜> are defined analogously to τ< and τ>, respectively. 
Lemma 2. Every minimizer of EmTF on J is positive.
Proof. Assume that τ is a minimizer of EmTF on J and suppose that the set Nτ :=
{ξ ∈ R3|τ(ξ) = 0} on which τ vanishes, would not be of measure zero. Then pick
any σ ∈ L1(R3, (1 + ξ2)dξ) with τ(ξ)σ(ξ) = 0 for all ξ but non-vanishing on Nτ .
Furthermore, assume ε > 0. Then by the integral representation of the interaction
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term (Lemma 1) and the substitution τ˜3/2 = τ we get
EmTF(τ + εσ)− EmTF(τ)(11)
=− 32γ
− 12
TF Z
∫
R3
dξε2/3σ(ξ)2/3
+ 32 · 34γ
− 12
TF
∫ ∞
0
dr
( ∫
R3
dξ[τ(ξ)2/3 − r2]+ +
∫
R3
dξ[ε2/3σ(ξ)2/3 − r2]+
)2
− 32 · 34γ
− 12
TF
∫ ∞
0
dr
( ∫
R3
dξ[τ(ξ)2/3 − r2]+
)2
+O(ε)
(12)
=− ε2/3 32γ
− 12
TF Z
∫
R3
dξσ(ξ)2/3 +O(ε)
+ 2 · 34 · 32γ
− 12
TF
∫ ∞
0
dr
( ∫
R3
dξ[τ(ξ)
2
3 − r2]+
)(∫
R3
dη[ε
2
3σ(η)
2
3 − r2]+
)(13)
≤− ε2/3 32γ
− 12
TF Z
∫
R3
dξσ(ξ)2/3 +O(ε)
+ 94γ
− 12
TF
[ ∞∫
0
dr
( ∫
R3
dξ[τ(ξ)
2
3 − r2]+
)2] 12 [ ∞∫
0
dr
( ∫
R3
dη[ε
2
3σ(η)
2
3 − r2]+
)2] 12(14)
=− ε2/3 32γ
− 12
TF Z
∫
R3
dξσ(ξ)2/3 +O(ε5/6).(15)
For sufficiently small ε this implies
EmTF(τ + εσ)− EmTF(τ) < 0,
i.e., τ cannot be a minimizer. 
Lemma 3. The Euler equation which any minimizer of EmTF on J fulfills is
(16)
√
γTF|ξ|2τ(ξ)1/3 − Z +
∫
R3
dη
(
3
2τ(η)
2/3τ<(ξ, η)
1/3 − 12τ<(ξ, η)
)
= 0.
Proof. Instead of deriving the Euler equation for EmTF we use Es (see (10)).
Assume τ˜ be the minimizer which is strictly positive because of Lemma 2. Thus
we can pick any σ ∈ L3/2(R3, (1 + ξ2)dξ) and |σ| ≤ τ˜ . Then, for ε ∈ [−1, 1], τ˜ + εσ
is an allowed trial function and the function F (ε) = Es(τ˜ + εσ) has a minimum at
zero. We show that F is differentiable at zero.
The first two summands are obviously differentiable. Thus, we concentrate on
T (ε) := ε−1
∫ ∞
0
dr
[(∫
R3
dξ[τ˜ (ξ) + εσ(ξ) − r2]+
)2
−
(∫
R3
dξ[τ˜ (ξ)− r2]+
)2]
=
∫ ∞
0
dr
∫
R3
dξ
∫
R3
dη
(
[τ˜(ξ) + εσ(ξ)− r2]+ − [τ˜(ξ)− r2]+
)
ε
· ([τ˜(η) + εσ(η)− r2]+ + [τ˜(η) − r2]+)
=:
∫ ∞
0
dr
∫
R3
dξ
∫
R3
dηI(ε, r, ξ, η).
(17)
Since |a+ − b+| ≤ |a− b| for real a and b,
|σ(ξ)| ([τ˜(η) + |σ(η)| − r2]+ + [τ˜ (η)− r2]+)
is an integrable majorant of the integrand independent of ε. To apply dominated
convergence, we split the integral in two parts, namely the part where the pointwise
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limit of I exists and the rest: Thus
(18) lim
ε→0
T (ε)
= lim
ε→0
∫ ∞
0
dr
∫
τ˜(ξ)=r2
dξ
∫
dηI(ε, r, ξ, η) + lim
ε→0
∫ ∞
0
dr
∫
τ˜(ξ) 6=r2
dξ
∫
dηI(ε, r, ξ, η)
= 2
∫ ∞
0
dr
∫
dξ
∫
dησ(ξ)θ(τ˜ (ξ)− r2)[τ˜ (η)− r2]+.
Indeed, this proves that F is differentiable. Integration in r yields
(19)
∫
R3
dξσ(ξ)
[
3
2ξ
2τ˜ (ξ)1/2 − 32γ
− 12
TF Z
+ 32 · 34γ
− 12
TF
∫
R3
dη
(
2τ˜(η)τ˜<(ξ, η)
1/2 − 23 τ˜<(ξ, η)3/2
)]
= 0.
Since σ is arbitrary we arrive at the desired Euler equation (16). 
Since the integrand is nonnegative, the Euler implies the following pointwise
bound on any minimizer
(20) τ(ξ) ≤ γ−3/2TF Z3|ξ|−6.
3. Relation between Position and Momentum Functional
In this section we will see that each summand of EmTF is obtained from the
corresponding term of ETF by mere substitution – at least for spherically symmetric
decreasing densities. To this end we set
S : L1(R3)→ L1(R3)(21)
τ 7→ ρ(22)
where for all x ∈ R3
(23) ρ(x) :=
q
(2π)3
∫
|x|<γ
1/2
TF |τ(ξ)|
1/3
dξ.
Moreover, given ρ ∈ L1(R3) we define its Fermi radius r by
(24) r(s) := sup{|y| | γ1/2TF |ρ(y)|1/3 ≥ s for a.e. y ∈ R3}.
This allows to define the operator
T : L1(R3)→ L1(R3)(25)
ρ 7→ τ(26)
where for all ξ ∈ R3
(27) τ(ξ) := γ
−3/2
TF r(|ξ|)3.
Our first result is
Theorem 2.
(1) For all N ≥ 0 we have inf EmTF(J∂N ) = inf ETF(I∂N ).
(2) Assume N ≤ Z and ρN the minimizer of ETF on I∂N . Then T (ρN) is the
unique minimizer of EmTF on J∂N .
(3) For N > Z there exists no minimizer of EmTF on J∂N .
(4) There exists a unique minimizer τN of EmTF on JN . Moreover, τN ∈
J∂min{N,Z}.
To prove Theorem 2 we need a few preliminary results on the transforms S and
T and the way they relate the two functionals ETF and EmTF.
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Lemma 4.
(1) The operators S and T are isometric on L1.
(2) All elements in the image of S and T are spherically symmetric, nonnega-
tive, and decreasing.
(3) For every spherically symmetric decreasing τ ∈ J
EmTF(τ) = ETF ◦ S(τ).
(4) For every spherically symmetric decreasing ρ ∈ I
EmTF ◦ T (ρ) = ETF(ρ).
Proof. 1. The claim for S follows easily by direct computation interchanging the x
and ξ integration.
To treat T we may, without loss of generality, assume ρ ≥ 0. Moreover,
(28) |x| < r(|ξ|) ⇒ γ1/2TF ρ(x)1/3 ≥ |ξ|
by definition of r and since ρ is monotonically decreasing. Furthermore, the defini-
tion of r provides
(29) |x| ≤ r(|ξ|) ⇐ γ1/2TF ρ(x)1/3 ≥ |ξ|.
We have
(30) ‖T (ρ)‖1 = 3
4piγ
3/2
TF
∫
dξ
∫
|x|<r(|ξ|)
dx = 3
4piγ
3/2
TF
∫
dx
∫
|x|<r(|ξ|)
dξ.
By (28) we get the estimate
(31) ‖T (ρ)‖1 ≤ 3
4piγ
3/2
TF
∫
dx
∫
γ
1/2
TF ρ(x)
1/3≥|ξ|
dξ =
∫
dxρ(x).
On the other hand, if we allow for ≤ instead of strict inequality on the integration
constraints in (30) we can also reverse the inequality in (31) using (29).
2. The claims are obvious from the definitions.
3. We treat each term of the energy functional individually. We start with the
potential terms. Both follow by explicit calculation which we exhibit here only for
the interaction potential since the external potential is an easy variant of it. Given
a radius a > 0 we set Ka := χ{x∈R3| |x|<a} to be the characteristic function of the
ball of radius a centered at the origin. We get
R(S(τ)) =
(
q
(2pi)3
)2 ∫∫
dξdηD(K
γ
1/2
TF τ(ξ)
1/3 ,Kγ1/2TF τ(η)1/3
)(32)
=
(
3
4pi
)2
γ
−1/2
TF
∫∫
dξdηD(K 3√τ<(ξ,η),K 3√τ>(ξ,η))(33)
= 9(4pi)2 γ
− 12
TF
∫∫
D[K 3√τ<(ξ,η)] +D(K 3√τ<(ξ,η),K 3√τ>(ξ,η) −K 3√τ<(ξ,η))dξdη(34)
= 9(4pi)2 γ
− 12
TF
∫∫
D[K1]τ<(ξ, η)
5
3 + 4pi2·3τ<(ξ, η)2π
(
τ>(ξ, η)
2
3 − τ<(ξ, η) 23
)
dξdη(35)
= 34γ
−1/2
TF
∫∫
τ<(ξ, η)τ>(ξ, η)
2
3 − 15τ<(ξ, η)
5
3dξdη(36)
where we used the scaling properties of D and Newton’s theorem [9].
The kinetic energy transforms as
K(S(τ)) = 35γTF
∫
dxS(τ)(x)5/3
= 3γTF
∫
dx
∫
t≤S(τ)(x)1/3
dtt4 = 34piγTF
∫
dξξ2
∫
|ξ|3≤S(τ)(x)
dx.
(37)
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Given that 34pi
∫
|x|<τ(η)1/3 dη ≥ |ξ|3 implies τ(ξ)1/3 ≥ |x|, we have
(38) 35γTF
∫
dxS(τ)(x)5/3 ≤ 34piγTF
∫
dξξ2
∫
|x|≤γ
1/2
TF τ(ξ)
1/3
dx =
∫
ξ2τ(ξ)dξ.
Suppose 34pi
∫
|x|<τ(η)1/3 dη ≥ |ξ|3 would not imply τ(ξ)1/3 ≥ |x|. Then
(39) |ξ|3 ≤ 34pi
∫
|x|<τ(η)1/3
dη < 34pi
∫
τ(ξ)<τ(η)
dη ≤ 34pi
∫
|ξ|>|η|
dη = |ξ|3
where we used in the last inequality that τ is spherically symmetric and decreasing.
On the other hand, 34pi
∫
|x|<τ(η)1/3
dη ≥ |ξ|3 follows from τ(ξ)1/3 > |x| as
(40) |ξ|3 = 34pi
∫
|η|≤|ξ|
dη ≤ 34pi
∫
τ(ξ)≤τ(η)
dη ≤ 34pi
∫
|x|<τ(η)1/3
dη
using again that τ is spherically symmetric and decreasing in the first inequality.
Thus we can reverse the inequality in (38), i.e.,
(41) 35γTF
∫
dxS(τ)(x)5/3 ≥ 34piγTF
∫
dξξ2
∫
|x|<γ
1/2
TF τ(ξ)
1/3
dx =
∫
ξ2τ(ξ)dξ.
4. To prove that EmTF ◦ T (ρ) = ETF(ρ) we proceed as in 3. We begin with the
kinetic energy:
(42) Km(T (ρ)) =
∫
ξ2γ
−3/2
TF r(|ξ|)3dξ = 34piγ
−3/2
TF
∫
dξξ2
∫
|x|<r(|ξ|)
dx
= 34piγ
−3/2
TF
∫
dξξ2
∫
|ξ|≤γ
1/2
TF ρ(x)
1/3
= K(ρ)
where we used (28) and (29) in the penultimate identity.
We skip again Am and go directly to Rm. Set r<(|ξ|, |η|) := min{r(|ξ|), r(|η|)}
and r>(|ξ|, |η|) := max{r(|ξ|), r(|η|)}. Then
(43) Rm(T (ρ)) =
(
3
4pi
)2
γ
−1/2
TF
∫∫
dξdηD(K
γ
−1/2
TF r<(|ξ|,|η|)
,K
γ
−1/2
TF r>(|ξ|,|η|)
)
adapting the steps (36) to (33). Making the term explicit and scaling γ
−1/2
TF out
yields
(44) Rm(T (ρ)) = 12
(
3
4pi
)2
γ−3TF
∫∫
dxdy
|x− y|
∫
|x|<r(|ξ|)
dξ
∫
|y|<r(|η|)
dη
= 12
(
3
4pi
)2
γ−3TF
∫∫
dxdy
|x− y|
∫
|ξ|≤γ
1/2
TF ρ(x)
1/3
dξ
∫
|η|≤γ
1/2
TF ρ(y)
1/3
dη = R(ρ)
where we used (28) and (29) again.

Note that by the definition of T and the relation between r and τ (Equation (27)),
and Theorem 2 any bound on the position space density implies a corresponding
bound on the momentum space density. In particular the bound γTFρ(x) ≤ Z/|x|
reproduces (20) which we got already from the Euler equation.
The Sommerfeld bound
(45) ρ(x) ≤ 27
π3γ
3/2
TF |x|6
implies
(46) τ(ξ) ≤
(
3
πγTF|ξ|
)3/2
.
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4. The Energy under Rearrangement
The fact that ETF(ρ) decreases under spherically symmetric rearrangement of ρ
is well-known (Lieb [6, Theorem 2.12]). The same result holds for the momentum
functional:
Lemma 5. For τ ∈ J ,
(47) EmTF(τ∗) ≤ EmTF(τ)
where τ∗ is the spherically symmetric rearrangement of τ .
Proof. The attraction Am is obviously invariant under rearrangement. The repul-
sion Rm is – by definition – a superposition of rearranged terms only, i.e., is also
trivially invariant.
Now, Km(τ) =
∫∞
0
dt
∫
ξ2χ{ξ∈R3|τ(ξ)>t}(ξ)dξ. Thus it suffices to show that for
any A ⊂ R3 with finite measure∫
ξ2χA(ξ)dξ ≥
∫
ξ2χA∗(ξ)dξ =
∫
ξ2KR(ξ)dξ
where R is defined by |A| = (4π/3)R3, i.e., the radius of the ball A∗ := BR(0)
centered at the origin which has the same volume as A. Now define B := BR(0)\A,
C := A \BR(0), and D := A ∩BR(0). Then |B| = |C|, and thus∫
A∗
ξ2dξ =
∫
B
ξ2dξ +
∫
D
ξ2dξ ≤ R2
∫
B
dξ +
∫
D
ξ2dξ ≤
∫
C
ξ2dξ +
∫
D
ξ2dξ
=
∫
A
ξ2dξ.

Now, we can prove Theorem 2:
Proof. 1. Since the energies of both – momentum and position – Thomas-Fermi
functionals decrease under spherically symmetric rearrangement (Lemma 5 and [6,
Theorem 2.12]) we can restrict both functionals to spherically symmetric decreasing
densities ρ and τ as far as minimization is concerned. Since both S and T preserve
the norm, Statement 3 of Lemma 4 implies that inf EmTF(J∂N ) ≥ inf ETF(I∂N )
whereas Statement 4 implies the reverse inequality. This proves the first assertion
of Theorem 2.
2. Since ETF has a unique minimizer ρN on I∂N (Lieb and Simon [8, Theorems
II.14 and II.17]), it follows from the preceding step and Lemma 4,4 that T (ρN)
minimizes EmTF on J∂N . It remains to show that there is no other minimizer of
the momentum functional. This, however, follows from strict convexity of Es.
3. Suppose τN is a minimizer of EmTF on J∂N for some N > Z. Then S(τN ) has
to be a minimizer of ETF by Statement 1 and Lemma 4,3 but this does not exist [8].
4. Again, if τN minimizes EmTF on JN then S(τN ) minimizes ETF on IN . Thus,∫
τN =
∫
S(τN ) = min{Z,N}. Uniqueness of τN follows from the strict convexity
of Es. 
5. Asymptotic Exactness of Englert’s Statistical Model of the Atom
By Theorem 2 the infimum of EmTF(τ) has the same approximation properties
as the atomic Thomas-Fermi functional and – unlike the Thomas-Fermi functional
– gives the right appropriate linear response to momentum dependent force. To
show the latter, we define for α ∈ R,
(48) HN,α := HN − α
N∑
n=1
ϕZ(−i∇n)
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with ϕZ(ξ) := Z
4/3ϕ(Z−2/3ξ). (Later, we will require some mild conditions on ϕ.)
Furthermore, we write ψZ for a ground state of the neutral atomic Hamiltonian.
(Note that we assume neutrality largely for convenience.)
We introduce some further useful notations:
• The one-particle ground state density of any state ψ is
(49) ρψ(x) := N
q∑
σ1=1
...
q∑
σN=1
∫
R3(N−1)
dx2...dxN |ψ(x, σ1;x2, σ2; . . . ;xN , σN )|2
in position space and
(50) τψ(ξ) := N
q∑
σ1=1
...
q∑
σN=1
∫
R3(N−1)
dξ2...dξN |ψˆ(ξ, σ1; ξ2, σ2; . . . ; ξN , σN )|2
in momentum space.
• The rescaled density of the ground state is written as
(51) τ˜ψZ (ξ) := ZτψZ (Z
2/3ξ).
• The set of one-particle density matrices is
S := {γ ∈ S1(L2(R3 : Cq)) | 0 ≤ γ ≤ 1}.
• We write γψ for the one-particle density matrix of anN -particle state |ψ〉〈ψ|
(with the normalization convention trγψ = N).
• We write ej for the orthonormal eigenvectors of γ ∈ S and λj for the
eigenvalues. The momentum density of γ is written as
τγ(ξ) :=
q∑
σ=1
∑
j
λj |eˆj(ξ, σ)|2.
• We call τ˜γ(ξ) := Zτγ(Z2/3ξ) the rescaled momentum density of γ.
• The minimizer of EmTF on JZ is written as τZ .
• We call φZ := Z/| · | − ρZ ∗ | · |−1 the Thomas-Fermi potential where ρZ is
– as in Theorem 2 – the minimizer of the Thomas-Fermi functional.
• For sufficiently small α, we also introduce the effective one-particle Hamil-
tonian
(52) hZ,α := −∆− φZ − αϕZ(i−1∇).
We write, using the common abuse of notation, hZ,α(ξ, x) for its symbol
(Hamilton function).
Our second main result is the limit for the ground state density of HZ,α. This is
essential for computing the linear response of momentum dependent perturbations.
Theorem 3. Assume (1 + | · |−2)ϕ ∈ L∞(R3) and uniformly continuous. Then
(53) lim
Z→∞
∫
R3
ϕ(ξ)τ˜ψZ (ξ)dξ =
∫
R3
ϕ(ξ)τ1(ξ)dξ.
Physically speaking this shows that the momentum density of large atoms is
given asymptotically by Englert’s momentum density functional on the scale Z2/3
which is the semiclassical scale with the effective ‘Planck’ constant Z−1/3.
We now turn to the proof of the theorem. First we need a lower bound:
Lemma 6. Assume 0 ≤ (1 + | · |−2)ϕ ∈ L∞(R3), ϕ uniformly continuous and
α ∈ [0, v] with v := 1/(‖| · |−2ϕ‖∞). Then for every γ ∈ S
(54) tr(hZ,αγ) ≥ Z
7/3
(2π)3
∫
h1,α(ξ,x)<0
dξdx h1,α(ξ, x)− o(Z7/3)
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uniformly in α for large Z.
Proof. First we note that under our hypothesis, both, the allowed phase volume
(ν = 0) and the semiclassical energy (ν = 1)∫
hZ,α(ξ,x)<0
dξdx hZ,α(ξ, x)
ν
of the effective Hamiltonian hZ,α are finite.
Next we follow the lower bound of Lieb’s asymptotic result (Lieb [6, Section
V.A.2]) modified by the additional momentum operator ϕZ . To this end we pick
g ∈ C∞0 (R3) as a spherically symmetric positive function with supp(g) ⊂ K1,∫
g2 = 1, and gR(x) := R
3/2g(Rx) its dilatation by R which we choose as R = Z1/2.
Note that ĝR = gˆR−1. We have
(55) tr(hZ,αγ) ≥ q
(2π)3
∫
dξdx(hZ,α(ξ, x))−
− ZR2‖∇g‖2 − tr[(φZ − φZ ∗ |gR|2)γ]− αtr{[(ϕZ − ϕZ ∗ |ĝR|2)(−i∇)]γ}.
The right hand side of the first line is the wanted main term. The second line
consists of error terms only. The first two error terms are of order O(Z7/3−1/30) as
shown by Lieb. The third is new and needs an additional argument. We have
(56) |tr[(ϕZ (−i∇)− ϕZ ∗ |ĝR|2(−i∇))γ]|
≤ Z7/3
∫
R3
dξ
∫
R3
dp τ˜γ(ξ)|ϕ(ξ) − ϕ(ξ − p)||gˆZ1/6(p)|2.
However, the integral of the right hand side converges to zero by uniform continuity
of ϕ and the fact that gˆ ∈ S(R3). To see this we show that ‖ϕ− ϕ ∗ |gˆZ1/6 |2‖∞ is,
for large Z, arbitrarily small: Pick any positive ǫ, then, there exists a δ such that
for all ξ, p ∈ R3 |p| < δ implies |ϕ(ξ)− ϕ(ξ − p)| < ǫ.
Note also, that the fact that gˆ is a Schwartz function implies, that we have a
constant c > 0 such that for all points
(57) |gˆ(ξ)|2 < c/|ξ|4
Moreover, pick Z so large, that 2Z−1/6c‖ϕ‖∞
∫
|p|>δ |p|−4 < ǫ/2. With this choice,
we estimate
(58)
∫
dp|ϕ(ξ) − ϕ(ξ − p)||gˆZ1/6(p)|2
=
∫
|p|<δ
dp|ϕ(ξ) − ϕ(ξ − p)||gˆZ1/6(p)|2 +
∫
|p|>δ
dp|ϕ(ξ) − ϕ(ξ − p)||gˆZ1/6(p)|2
≤ ǫ/2 + 2‖ϕ‖∞c
∫
|p|>δ
Z1/2/(Z1/6|p|)4 ≤ ǫ/2 + ǫ/2.
Thus, for any ǫ there is a Z0 such that Z > Z0 implies∫
R3
dξ
∫
R3
dpτ˜γ(ξ)|ϕ(ξ) − ϕ(ξ − p)||gˆZ1/6(p)|2 ≤ ǫ
∫
dξτ˜γ(ξ) = ǫ.
This shows the claim that the second line of (55) contains error terms only. 
Proof of Theorem 3. First we remark that it suffices to proof the theorem for pos-
itive ϕ since we can split ϕ into the part where it is strictly positive and strictly
negative and do the proof separately for those cases.
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αZ7/3
∫
R3
ϕ(ξ)τ˜ψZ (ξ)dξ = 〈ψZ , HZ,0ψZ〉 − 〈ψZ , HZ,αψZ〉
≤ETF(ρZ) + constZ11/5 −
(
〈ψZ ,
Z∑
n=1
hZ,α,nψZ〉 −D[ρZ ]− const
∫
ρ
4/3
ψZ
)
=
∫
dξdx(hZ,0(ξ, x))− − tr(hZ,αγψZ ) + constZ11/5
≤
∫
dξdx(hZ,0(ξ, x))− −
∫
dξdx(hZ,α(ξ, x))− + o(Z
7/3)
=αZ7/3
∫
dξϕ(ξ)τ1(ξ)−
∫
hZ,α(ξ,x)<0
hZ,0(ξ,x)>0
dξdxhZ,α(ξ, x) + o(Z
7/3)
≤αZ7/3
∫
dξϕ(ξ)τ1(ξ) + αZ
7/3
∫
h1,α(ξ,x)<0
h1,0(ξ,x)>0
dξdxϕ(ξ) + o(Z7/3)
=αZ7/3
∫
dξϕ(ξ)τ1(ξ) + Z
7/3o(α) + o(Z7/3)
(59)
where we used successively Lieb’s asymptotic result on the atomic energy and Lieb’s
correlation inequality[5] in the first inequality. Next we use (54) and in the last
two steps we dismiss a negative term and estimate the phase integral in the energy
shell as o(α).
Now, dividing first by Z7/3 and tending Z to ∞ yields
(60) α lim sup
Z→∞
∫
R3
ϕ(ξ)τ˜ψZ (ξ)dξ ≤ α
∫
ϕ(ξ)τ1(ξ)dξ + o(α).
Dividing by α and choosing α ↓ 0 yields the desired upper bound reversing the sign
of α and taking α ↑ 0 yields the reverse inequality for the inferior limit.

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